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Abstract 

Riemannian coordinates for flat metrics corresponding to three-dimensional conformal 
Poisson-Lie T-dualizable sigma models are found by solving partial differential equations 
that follow from the transformations of the connection components. They are then used 
for finding general forms of the dilaton fields satisfying the vanishing beta equations of the 
sigma models. 

1 Introduction 

Recent interest in the conformal invariant cr-models follows from their relation to the string 
theory. Principal cr-model can be defined as a field theory on a Lie group G on which a 
covariant second order tensor field F is given. The action of the cr-model then is 

[d] = J (1) 

where the functions > R, j = l,2,...,dimG are obtained by the composition 

(fp = yi o (f) of a map (j) : R^ —> G and a coordinate map y : Ug ^ R", n = dimG of a 
neighborhood of an element d(a:+, X-) = g G G. 

The equations of motion have the form 


d-d+cjP + d+cj)’' = 0 , ( 2 ) 

where 

iL ■■= + Fri,s - Frs,i) (3) 

and GF is the inverse of 

Gij =-j^{Fij + Fji). (4) 

Quantization of the cr-models requires that they be made conformal invariant. This is 
achieved by addition of another term depending on a scalar (dilaton) field d* to the action 
iP. To guarantee the conformal invariance of the cr-model (at least at the one-loop level) 
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the fields F and $ must satisfy the so called vanishing /3 equations 

0 = Fkj - V* Vj ^ (5) 

0 = ( 6 ) 

0 = (7) 

where covariant derivatives Vfej Ricci tensor Rij and scalar curvature R are calculated from 
the (pseudo)metric 0) that is also used for lowering and raising indices. The components of 
torsion are defined as 

Hijk = diBjk + djBki + dkBij, (8) 

where 

~ ~ (®) 

We shall be interested in cr-models that satisfy the vanishing (3 equations and moreover 
are Poisson-Lie T- dualizable i.e. satisfy [5] 

Cv,{F)^, = F^^vfftvlFx,, z = 1,... ,dim G, (10) 

where Vi form a basis of left-invariant fields on G and are structure coefficients of a 
Lie group G such that dim G = dim G. If F satisfies the equation m then the equations 
of motion of the u-model can be rewritten (see n, El) as equations for maps to the six¬ 
dimensional Drinfel’d double D = (G|G) - connected Lie group whose Lie algebra T> admits 
a decomposition 

v = g + g (11) 

into two subalgebras that are maximally isotropic with respect to a bilinear, symmetric, 
nondegenerate, ad-invariant form on P. 

There are two important types of coordinates on the manifolds where the cr-models live. 
The first one is given by the Lie group structure and follows from the possibility to express 
the elements of the Lie group (at least in the vicinity of the unit) as a product of elements of 
one-parametric subgroups. The Poisson-Lie T-dual cr-models are usually expressed in terms 
of these group coordinates. The other type of coordinates are those in which the metric on 
the manifold have a special simple form. They are called Riemannian coordinates (see e.g. 
|3]). The Riemannian coordinates of the fiat metrics will be called fiat coordinates here. In 
these coordinates the fiat metric tensors become constant and the Christoffel symbols vanish 
so that the equations of motion © as well as the vanishing (3 equations 0-0 become very 
simple. That’s why it is very desirable to find the transformation between the group and 
Riemannian coordinates of the cr-models. 


2 Investigated models 

In the paper ^ the semiabelian Drinfel’d doubles (G|l), for which g in the decomposition 
m are solvable Bianchi algebras 2, 3,4, 5, 6o, 7o and g is the three-dimensional Abelian 
Lie algebra 1 (for the notation see 111,0), were investigated and classification of conformal 
invariant Poisson-Lie T-dualizable cr-models with constant dilaton field was done. A bit 
surprisingly, all these models are not only Ricci fiat and torsionless but also flat in the sense 
that their Riemann-Christoffel tensor vanishes. 

The metrics are expressed in the group coordinates yi, 2 / 2 , 2 / 3 , for which elements of the 
group G are parametrized as (for typographic reasons we use subscripts for coordinates in 
the following) 

g{y) = 52^2X2 (^^2) 
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where Xi, X 2 , X^ are generators of the corresponding Lie algebra, and we are going to hnd the 
transformations of the group coordinates to the flat coordinates. The metrics corresponding 
to the investigated Drinfel’d doubles are 


( 2 | 1 ) : 


(3|1) : 


G{yh = 


(4|1) : 


(5|1): 


(6o|l) : 


(7o|l) : 


0 u V 

u q g + uy 2 
V g + uy2 r + 2vy2 


G{y)ij = u + ze' 


—u + ze 


-2i/i 

-2i/i 


u + ze —u + ze 

q -q 

-q q 


G{yh = 


G{yh = 


G(yh = 


{vyi 


ve 


Giyh = 


{vyi + u)e 

qe-'^y^ 

0 

ve 

yi 

0 

0 / 

P 

ue~^^ 

ve~y^ \ 




ge~‘^y^ I 

5 

ve~^^ 


re~‘^y^ j 


P 

0 


v + py 2 

0 

-P 


g-pyi 

V +py2 

g-pyi 

r -H 2gyx + 2 vy 2 + p(]jl - yl) 

P 

0 


z+py2 

0 

p 


g-pyi 

z+py2 

g-pyi 

r - 2gyi + 2 zy 2 + piyl + yl) 


(13) 


(14) 


(15) 


(16) 


(17) 


(18) 


where u, v,p, q, g, r, z are arbitrary real constants. 

Beside these models, solutions of the vanishing (3 equations with flat metrics and non¬ 
constant dilaton fields were found by the Poisson-Lie T-duality on the Drinfel’d double 
(l|6o) = (5ii|6o) = (l|6o). The metrics and the dilaton Helds expressed in the group coordi¬ 
nates read 


(l|6o) : 


/ -k'^qyi'^ 

92/12/2 

-k{l + kyi) \ 


G{y)ij = K{yi,y2)~^ k‘^qyiy2 

g(-l -f Py2‘^) 

k^y2 

(19) 

\ -k{l + kyi) 

Py2 

0 ) 


d> = ln\{K{yi,y2)\+C, 



(20) 


where k, q are constants and 

K{yi,y 2 ) = l + 2kyi + k'^{yi'^ - 2 / 2 ^)- 


(5m|6o) : 
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G(y)ii 

q {up' — I) 
4IF(yi,y2) 

^2^ _j_ g2yi+2i/2 _ 2 g2yi-1-2/2 ^2 

G(y)2i 

q 

(I - + e^^i+^2) {w'^{l - 2e^i -f 

4IF(yi,y2) 

G{y)22 

q 

(u;^(i - 2e^i -b - (1 + e^y^+^y^f) , 

4IF(yi,y2) 

G(y)3i 

W 

g2/i+y2((2g2yi-Hy2 _ e2yi-H2y2)(gg _ i) _ 

2W{yi,y2) 

G{y)z2 

w 

gyi+y 2 {2wey^ — {w — 1) — w — l) , 

2kF(j/i,2/2) 

G{yU 

= 0 



- 1 - , 


( 21 ) 


<& = In 


(1 + w)e + w(l — 2e + In I(w — — w| + C, (22) 


where w is a constant and 


W{yi,y2) = ey^~^y^{{w — 1) — w)(l + w — 2wey^ + wey^~^y^). 

The investigated models can also have nonzero antisymmetric part B of the tensor F but 
the corresponding torsions Hijk given by © are zero so that we assume that Fij = Gij in the 
following. In spite of the fact that all the metrics above are flat, the task to find coordinates 
for which the metrics become constant is not trivial. 


3 Flat coordinates 


For finding the flat coordinates we shall use the formula for transformation of the Levi-Civita 
connection 


rjdy) 


_ dGkj \ 

2 ydyj dyk dyiJ' 


(23) 


that reads as 

r lyi-u 

Oe dy, dyu d£,i dy.dyu 


(24) 


The components of r((j„(^) in the flat coordinates vanish and we get the system of partial 
differential equations for ^(y) 


^ I ^ 

dyjdyk dyi' 


(25) 


The system is linear and moreover separated with respect to the unknowns ^i’s. The possi¬ 
bility to solve it explicitly depends on the form of T^ ^,. We were able to find general explicit 
solutions for the metrics given above that together with the suitable initial conditions will 
produce the Riemannian coordinates. The initial condition 



(26) 


produce the coordinates in which the metric acquires the constant form G'(^) = G[y = 0) 
that can be further diagonalized. 

In the following we shall present solution of the equations 123 in detail for the metric 
113 and write down the results for the other metrics. 
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3.1 Flat coordinates for the cr—model on ( 6 o|l) 

The nonzero components of the affine connection for the metric are 



— -a+pyi 
33 — p 

-n2 _ V+PV2 

^ 33 — p ’ 


SO that the equations (EHli read 

dyidyi 

dyidy2 

dyidys 

dy2dy2 

dy2dy3 

dysdys 

From and we get 


0 , 

0 , 

K 

dy2' 


0 , 

K 

dyi' 

f -9 + pyi \ ^ ^ + P2/2 \ 

V P ) 9yi V P ) dy2' 


and lEU and ifinii imply 
The equation gives 


? = /(j/s) J/i + h{y2,y3)- 
h{y2,y3) = f'{y^)y2 + b{y3). 


/(j/s) = + de 

and from we get the equation for the function b 
dy3^ P^ p' 


de 


(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 

(36) 


solved by 


^(j/s) = --{ce^^ + de ^^) H—(ce^^ — de ^^) + mj /3 + n 
P P 


(37) 


so that the general solution of the system ra-ra is 


C(yi,2/2,?/3) = c(pi+j/ 2 )e^^+d(?/i-?/ 2 )e + — ——+ 771 ^ 3 + 71 , (38) 


where m, n, c, d are integration constants. As the transformation formulas 1251) are the same 
for all the coordinate components we can write the flat coordinates in general as 

6(2/1, y2,2/3) = ci(?/i + ?/2)e^^ + fii(2/i - 2/2)e“^^ + 

P P 

+ rniy3 + ni, 

6(2/1,222,2/3) = C2(2/1 + 2/2)e^^ + 6(^1 - 2/2)e“*^^ + — — e "^^ - ^\ - V 3 
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+ TO2y3+^^2, 

6(2/1, y2,2/3) = C3(i/1+2/2)e^^ + 6(2/1 - 2/2)e“^^ + 

P P 

+ m3?/3 + n3. 


(39) 


and the integration constants will be determined by the required form of the constant metric. 
When we choose 


then 


djk 
%Jfc, 


= 5': 


y=0 


V g V 

6 (2/1,2/2,2/3) = 2/1 cosh(i/3) + y2sinh(j/3) + -sinh(y3)-cosh(?/3)- Vs + rii, 

P P P 

6(2/1,2/2,2/3) = 2/1 sinh(2/3) + 1/2 cosh(y3) + - cosh(j/3) - - sinh(i/3) + -1/3 + 712, 


6(2/1, 2 / 2 , 2/3) = 2/3 + ?t- 3- 


(40) 


and 

( p Q V 

0 -p g 
V g r 

This constant form can be transformed by linear transformation 


(41) 


2/1 = 


2/2 = 


2/3 = 


(\/h) 6 
(\/h) 6 


+ £ 


— £ 


,\/W, 

' N 

g 

\Ap\, 


eg'^ ev'^ 
\P\ \P\ 


6 , 

6 , 


6 , 


(42) 


where 


£ = 


A = 


1 for p > 0 
— 1 for p < 0, 

-1 f - ^ + <0 


(for p = 0 or r + ^metric is not invertible) to the diagonal form 

e 0 0 

G\y') = I 0 -e 0 
0 0 A 


(43) 


The solution of other cases is a bit more complicated, nevertheless, we were able to find 
the flat coordinates in all investigated cases. Results are given below. 
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3.2 Solution for the cr—model (2|1) 

The nonzero components of the affine connection for the metric m are 


—u^ g—u^y 2 -\-uvq 

pi 

— vug—u^vy 2 -\-v^q 

pi 

—vur—uv'^y 2 -\-v^q 

u^r — 2uvg-\-v^q ’ 


u^r — 2uvg-\-v^q ’ 


u^r — 2uvg-\-v^q 

— u^v 

r2 

—uv"^ 

p2 

— v^ 

u‘^r — 2uvg-\-v‘^q ’ 


u^r—2uvg-\-v'^ q ’ 


u‘^r — 2uvg-\-v‘^q ’ 


pS _ 

■‘'23 ~ 

v?v 

p3 _ 

-*'33 ~ 

uv 

r — 2uvg-\-v^ q ’ 

u^r — 2uvg-\-v^q ’ 

u^r — 2uvg-\-v^q ' 


The general solution of the equations (1^ is 

C( 2 /i> 2 / 2 , 2 / 3 ) = a-6d{up-vuj)^yi + bY+ cY^+ d{up-vuj)Y^ + 

(2c — &dpuj)Z + Zduv — Qdvuj Y Z 


(44) 


(45) 


where a, b, c, d are integration constants, 


Y = uy 2 + vy 3 , Z=ujy 2 + py 3 , 


LU = gu — qv, p = ru — gv. 


When we choose the initial conditions (EU then the flat coordinates in terms of the group 
coordinates are 


6(yi,2/2,?/3) 


(fiyiu'^r — 12yiuvg + Gyiv^q — + 3uy2^vq — u^y 2 ^) 

6(it^r — 2uvg + v'^q) 

^ {-iu^vy3y2^ - iuy2v'^y3^ - &uy2vy3g + Qy2v'^y3q - v^ys^) 

6(u'^r — 2uvg + v'^q) 

{v'^y3^g - vy3^ur) 

2{v?r — 2uvg + v'^q) 


6(yi,2/2,?/3) 

6(yi,2/2,y3) 


{-u^vy2^ - 2uv'^y3y2 + 2ru^y2 - ^uvy2g + 2y2v‘^q - v'^y3^) ^ 

2{u'^r — 2uvg + v'^q) 

iu^y2^ + 2u^vy3y2 + + 2y3U^r - Avy3ug + 2v'^y3q) 

2{u^r — 2uvg + v'^q) ^ 


(46) 


and 


By the linear transformation 


0 u V 
u q g 
V g r 


(47) 


where 


Vi = 


y2 


ys = 


VW\ 




Cl + 


ug V 
q e 


Ca, 


\ 


/ gu 

I'kl 

eq2 r 

Vkl 

m2 

\q\ ' e 


Cs, 


f 1 for q > 0 
i —1 for q < 0, 


(48) 
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A 


■' '» ((i5f-i)'i?-tof + 4< 


we can transform the metric tensor to the constant diagonal form 

e 0 0 

G'(y') = I 0 -e 0 

0 0 Ae 

3.3 Solution for the cr—model (3|1) 

The nonzero components of the affine connection for the metric d are 

-pi _ o 1^2 _ (pq-u^)e^y^-\-zu -p 3 _ {pq-u‘^)e‘^'^'^-zu 

— Z,1tt — ,1tt — 


(49) 


-5 -L11 


qz 


1 ^ 11 


qz 


The general solution of the equations ( 1 ^ i 


IS 


^ , ,u{a-c) {pq - u‘^){a + c) 2 ^ 

i{yi,y 2 ,y 3 ) = cy^ + ay 2 H-r- yi H- 5 -e + de + b, 

2q Sqz 


(50) 


(51) 


where a, b, c, d are integration constants. When we choose the initial conditions d then 
the flat coordinates in terms of the group coordinates are 


6 ( 2 / 1 , 222 , 2 / 3 ) 


6 ( 2 / 1 , 222 , 2 / 3 ) 

u 

= 2/2 + TTVi + 

2q 

+ 6 , 

6 ( 221 , 2 / 2 , 2 / 3 ) 

u 

= 2/3 - 7p2/i + 

2q 

+6, 


(pq - u^) 2^1 (m -V? + 2 uz) 2vi 
Sqz ^ Sqz ’ 


(52) 

(53) 


and 


Sqz 


p u + z z — u 
G(^) = \ u + z q -q 

z — u —q q 


V? — 

Sqz 


-2yi 


(54) 


By the linear transformation 

(vT) Cl 


/ 

2/1 


u + z 

e\/H , 


6 


z — u 




Ca, 


2/2 = 


2/3 = 


(J 

{u + z )2 q 

^ 6 + 

, (z^-u+ 

5e ' 5|p| 

V 

IpI £ 


(u+z)2 q 



w 

bl e / 


Ca, 


\ 


e5{ 


(z^-u+ ^-2 

5b| 


+ Te) [Z-Uf 


' {u+zY 

' bl 


-f) 


e\p\ 


+ q 


Ca, 


(55) 


where 


£ = 


1 for p > 0 
— 1 for p < 0 , 
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X 


we can transform the 


1 for (> 0 
' bl ' ' 


-1 for 


= 


(u+zy 

bl 


<o> 


1 I „j( 4 l 7 r + A) (z-nf 

^ 101 1 -JbT 


V IpI e ' 


-1 for ( e5 ^ 

(^-f) " 1^1 


> 0 

< 0 


metric tensor C3J to the constant diagonal form 


e 0 0 

G'{y') = I 0 -£(5 0 
0 0 A 


(56) 


3.4 Solution for the cr— model ( 4 | 1 ) 

The nonzero components of the affine connection for the metric 03 are 


i 11 — 

-1 

r2 

i 11 - 

- EpVi 
q ^ 

r ?2 = -1 


r2 _ 

^21 — 

-1 

pS 

i 11 - 

- (P u 

q 

-f 2 / 1 ) 6 "^ r?2 = ^ + 7/1 

(57) 

pS _ 

-L 22 — 

ip-yi 

V ^ 






The general solution of the equations ( 1 ^ is 

^[yi,y2,y3) = cys + ^—y^e ^ +07/26 ‘^^+cyiy2-\ -^2 - c?/2 H-J/i 

Zv V q 

+ Pley^ ++ de-y^ + b, (58) 

2v 2q 

where a, 6 , c, d are integration constants. When we choose the initial conditions PH then 
the flat coordinates in terms of the group coordinates are 


Ci(yi,2/2,y3) = -6 

6(2/1, 2/2, ?/3) = 

6(2/1,2/2, 2 / 3 ) = 


- 2/1 


7/26 y^ + - 7/1 + -6 y^ 


(pq — 2uv) _ 

---e 

2qv 


- 2/2 + ^ e - y ^ - -2/26 y ^ 

Zv V 


y^ + — 6 ^1 + 7/3 + 762/26 + 2/12/2 + -2/2 

2q 2v V 

{v — u) 


2/26 


-yi 


- 2/1 - TT^ 
2q 


yi 


and 


By the linear transformation 


p u V 
G(6 = ( 77 q 0 
7 ; 0 0 


y'l = VW\i2 + -j=^i, 


( 


2/2 = 


V- 


eu^ 

¥ 


6 


dv 


_ £U- 

P -W 


6 , 


(59) 

(60) 
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2/3 


6 . 


(61) 


where 










e 

S 


X 


1 for <7 > 0 
— 1 for <7 < 0 , 

1 for (p - > 0 

-1 for(|p-^)< 0 , 

1 for (> 0 

-1 for ( I I < 0 

vk-iif|y 


we can transform the metric tensor (tTKl) to the constant diagonal form 


G'iy') 


e 0 0 \ 

0 (5 0 

0 0 -A / 


(62) 


3.5 Solution for the cr— model (5|1) 

The nonzero components of the affine connection for the metric are 


13 

II 

-1 

r‘2 

vr 

^ 13 

(ui — vg) 

p2 _ 

^33 — 

r'^ (,-Vl 

(ui — vg) 

r3 _ 

-L 22 — 

9 ,0-1/1 

r(ur—vq) 

1^3 _ 

^33 — 

gr g-yi 

(ur—vg) 


r2 

rp gVi 

r2 

11 — 

(ur—vg) 

r2 

9 ^ g-9l 

p2 

^ 22 

(ur—vg) 

^ 23 

II 

pg gwi 

(ui — vg) 

rii 

II 

coco 

ur 

(ui — vg) 

ri2 


{ur—vg) 

_£l_e-yi 

{ur—vg) 

ug 

(ur—vg) 

9^ Q-yi 
(ur—vg) 


(63) 


The general solution of the equations ( 1 ^ is 


-ap + a {uy 2 + vys) + e 


-VI f (.9y2 + ryz){2cr + ary^ + 037 / 2 ) 




2r 


-b 


(64) 


where a,b,c,d are integration constants. When we choose the initial conditions (113 then 
the flat coordinates in terms of the group coordinates are 


6 (yi, 2 / 2 ,33) 
6(31,32,33) 

6(31,32,33) 


-e-y^ + di 

prcoshyi+r{uy2+vy3) + e~y^ {I{gy2 + ry3)‘^-v{gy2 + ry3)) 
-h ^2 

ru — gv 

-p^coshyi +g{uy 2 + vy^) + e~y^ (-^(5y2 + ry^Y + ^(5^2 + ^^3)) 
-h as 

ru — gv 


and 


G (6 


P U 

2 

U — 

r 

V g 



(65) 
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By the linear transformation 


where 


Vi = 


2/2 = 


2/3 = 


PlUi + 


g‘^ 


er 


\p\ 


16 + 


6 


e\/Hy 

/ \ 

vu _ g 

^IpI 5e 


bl 


6, 


6> 




e5 


(h-s-') 


e\p\ 


bl 


6) 


£ = 


5 = 


A = 


1 for p > 0 
— 1 for p < 0, 

(W - < 0’ 


1 for 


— 1 for r — 


I ^2 _^| 
I TpT er- I 


elpj 


ebl 


> 0 

< 0 


IpI 


we can transform the metric tensor TO to the constant diagonal form 

e 0 0 

G'{y') = I 0 -5e 0 
0 0 A 


(66) 


(67) 


3.6 Solution for the a—model (7o|l) 

The nonzero components of the affine connection for this metric are 

r^3 = 1 = 1 rig = f-yi 

r?g = -1 = -1 rig = -^-y, 


The general solution of the equations (TO i 


IS 


( 68 ) 


62/1,2/2,2/3) = (--2/i)(^ae*^''- “ (“ + 2/2)(ae*^^ + ‘^^^ + c2/3 + d, ( 69 ) 

P P 

where a,b,c,d are integration constants. When we choose the initial conditions (113 then 
the flat coordinates in terms of the group coordinates are 

g z z 

6(2/1,222,2/3) = (-hyi)cos(2/3) + (-+?/2)sin(?/g)- ys + di 

P P P 

6(yi,2/2,2/3) = (-- 2/i)sin(?/3) + (-+ 2/2 )cos(i/ 3) --j/3 + d2 

P P P 

6(yi,2/2,2/3) = 2/3 Tds- 

(70) 


11 


























and 


G{0 = 



By the linear transformation 


yi = 


2/2 = 


2/3 = 


(\/H) 

(\/h) 6 




\/R 

gg 

\/R 


6) 


6, 


bl \p\ 


^3, 


where 


£ = 


A = 


1 for p > 0 
— 1 for p < 0 , 

1 for(r -^-^)>0 

-1 for(r -^-^)<0 


we can transform the metric tensor CHJ to the constant diagonal form 

G'iy) = 



3.7 Solution for the a—model (l| 6 o) 

The nonzero components of the affine connection for the metric CH) are 


pl — 

{l+kyi)k 

II 

i-H 

[-H 

fe^l /2 

^ 11 

(l+ 2 fcyi+fe 2 yi 2 _^ 2 j, 22 ) 

(l+2kyi+k'^yi^-k^y2^) 

pi 

(l+kyi)k 

r 2 _ 

-L 22 ~ 

/c^i /2 

-L 22 — 

(l+2kyi+k'^yi'-‘ -k'-‘y 2 '-‘) 

(l+ 2 fcyi+/c^yi^-fc^y 2 ^) 

- 

fc^l /2 

r 2 _ 

-^12 — 

{l+kyi)k 

i 

(l+2kyi+k'-‘yi'-‘-k'-‘y2'-‘) 

(l+2feyi+fc^yi^-/c^i/2^) 

pS _ 

pS _ 

■L 22 ~ 

il+kyi)kqyi 

bOOO 

II 

k^qyiy2 

(l+2fcyi+fe2yj2_J,2j,22) 

(3'(-l+fe^y2^-fcyi) 

(l+2fcyi+fe^yi^-fc^y2^) 

(l + 2feyi+fc2yj2_/j2j^22) 


(71) 


(72) 


(73) 


(74) 


The general solution of the equations (I731i is 

C(yi,g2,g3) = (l + k{yi - ya)) + In (1 + fc(gi + y2)) 


qa 


1 


-|^gi + ^ (ga(g? - yl)) + aga + d. 


(75) 


where a, b, c, d are integration constants. When we choose the initial conditions (EHll then 
the flat coordinates in terms of the group coordinates are 


Ci(gi,g2,g3) 

£.2{yi,y2,y3) 

6(gi,g2,g3) 


^ln(l + k{yi - ga)) + ^1^(1 + k{yi + ga)) + di 

-^in(i + Hvi - y2)) + + ^(gi + y^)) + d2 

^ln(l + k(yi - ga)) + ^ln(l + Kyi + ga)) - ^gi 
+|(gi^ - g2^) + g3 + ds- 


(76) 
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/ 0 0 -k \ 

G(0 = 0 <z 0 . 

\ -k 0 0 y 

By the linear transformation 

y'l = + 

y'2 = 

2/3 = Qv^)ei- 

where 

_ f 1 for fc > 0 
^ 1 “1 for fc < 0, 

„ _ f 1 for g > 0 

° \ -1 for g < 0 

we can transform the metric tensor m to the constant diagonal form 

/ -e 0 0 \ 

G'iy') = 0 <5 0 . 

\ 0 0 e y 


(77) 


(78) 


(79) 


3.8 Solution for the <7—model (5m|6o) 
The general solution of the equations (P|l is 


^{yi,y2,y3) 


{2e^'^qwa + (^(l + 2w)a + 2 wb)y 2 + e~G^+y^'>qa{2 — w)) 

4w'^ 

(e^i+^^gw^a) {qa{w^ — 1) + 4wc) ln(l + (—1 + 

(<70(1 + 2w) + 2wb) ln(—2rt; + (1 + w)) 

{qwa + 2wb){yi + ^2) e^^ga(l + w) qa{yi + ^2) , 

4w‘^ 2w 4w‘^ 


(80) 


where a,b,c,d are integration constants. When we choose the initial conditions (PI then 
the flat coordinates in terms of the group coordinates are 


Cr (2/1,2/2,2/3) = 
6(2/1,2/2,2/3) = 
6(2/1,222,2/3) = 


/ln(l —w + e + ln(—+ 1 + w) \ 

- ( - ^ - )+* 

/ ln(—2we^^ + + 1 + rc) — ln(l — rc + w) \ 

(- 

/ 2 qe~y^w^ + qwe~G^+y‘^) — 2 qwe^^ — qvP'e~G^+y‘ 2 ) + qwe^^'^y^ \ 

\ 4rt;2 y 

/ 2e~y^qw^ — quP' + q\Tx{\ — w + e~G^+y^')w) \ 1 „2 

+ V-- ) 

+ \a.{—2we~^‘^ + w + e~G^^y'^'> + e~G^'^y'^^w) + -^( 2/2 + 2/i) 

4y;2 

+ 2 / 3+6 

( 81 ) 
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and 


By the linear transformation 


y'l 


2/2 


G(C) = 



(82) 


2/3 = 


\ (\/2kl) ^1 + ^ (\/2|w|) 6. 
\ (\/2kl) ^ (\/2|w|) 6. 


(83) 


where 


£ = 


5 = 


we can transform the metric tensor m to the constant diagonal form 

G'{y') = 

4 Dilaton fields 


1 

for 

w > 0 

-1 

for 

w < 0. 

1 

for 

q> 0 

-1 

for 

q <0 

3 the 

constant d 

/ c 

0 

0 \ 

0 


0 

V 0 

0 

-c / 


(84) 


As mentioned in the section|21the metrics (1 1311 - (I18II were obtained in the paper ^ from the 
requirement that the vanishing (3 equations are satisfied for the constant dilaton field. When 
we know the flat coordinates of these models we can easily find general forms of the dilaton 
fields that together with these metrics satisfy the vanishing f3 equations m-m because in 
the flat coordinates these equations read 


_^!£l = n — — = 

dy[dyr ’ dy[ dy'^ ' 

The general solution of these equations is 

^'(2/1,2/2>2/D = cij/i + 02^2 + C 32/3 + C4 


(85) 


( 86 ) 


where G'^^CiCj = 0. 

The general form of the dilaton field for the cr-model (6011) with the metric 11711 that 
follow from and (Ea is 

^(//i, 2 / 2 , 2 / 3 ) = Cl f2/iCOsh(y3 )+?/ 2sinh(y3) +-sinh(y3) --cosh(j/3) --2/3 


Cl 


ev 


V\p\, 


2/3 


- C2 


C2 (v4R)( 2/1 sinh(2/3) + 2/2 cosh(2/3) + ^ cosh^ys) - ^ sinh(2/3) + ^2/3 

2/3 + C 3 I 


eg 

,\Ap\, 


er 


P 


y3 + C4 


(87) 
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where sign(e)(cf — c^) + sign(e(5)c§ = 0. 

By a similar way, i.e. as a linear combination of the flat coordinates, we can get the 
general dilaton fields for the tr-models with the metrics and m- If the metric is 

positively or negatively definite then the dilaton is constant. 

We can also get dilaton fields more general than p1|l and (PI for the models (l|6o) and 
(5m|6o). The general form of the dilaton held for the tr-model (l|6o) is 


‘^(y) = (ci + C3 + (ci - In 1(1 + k{yi - y^)) (1 + k{yi + y 2 ))\ 

+ (ci-ca) ^\/M(-^yi + |(yi^-2/2^) + ?/3) 
y/M, l + fc(yi+y2) 


C2- 


2k 


dn 


1 + k{yi - y2) 


C4. 


( 88 ) 


where sign(q)c|+sign(fc)(c3—cf) = 0. For special choice of constants Ci = C3 = 2k/^\2k\, C2 = 
0 , we get the dilaton held PI obtained in ^ by the Poisson-Lie T-duality. The general 
form of the dilaton held for the cr-model (5ii|6o) can be obtained from II88I1 as well but it is 
rather extensive to display. 


5 Conclusions 

We have obtained the explicit transformation between the group coordinates of three- 
dimensional conformal cr-models living in the flat background and its Riemannian coor¬ 
dinates. The forms of the metric in terms of the group coordinates were found in ^ from 
requirement of conformal invariance of cr-models on the solvable Lie groups. The transfor¬ 
mations were found by solving the equations that follow from the transformation properties 
of the Levi-Civita connections. The results can be used for many purposes. Let us mention 
two of them. 

The equations for the dilaton held of the flat cr-model are easily solvable in the flat 
coordinates. In the Section 0] we have shown that the coordinate transformations enable us 
to get the dilaton fields in terms of the group coordinates. These, on the other hand, are 
convenient for obtaining the dilatons of the conformal cr-models with nontrivial backgrounds 
by the Poisson-Lie plurality |S] . 

Besides that, the fact that all the investigated metrics are flat means that equations of 
motion of the cr-models are easily solvable in terms of the flat coordinates and the solutions 
can be transformed to the group coordinates. The investigated models are Poisson-Lie T- 
dual or plural to cr-models with nontrivial backgrounds and it offers a possibility to And 
classical solutions in the nontrivial background. An example of such solution was given in 
Ul and other models are being solved now. 
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